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1. Introduction 

Let E be an elliptic curve over the field of rational numbers Q with complex multiplica- 
tion (which will be abbreviated by CM) by the integer ring of an imaginary quadratic field 
K. Suppose that it has a non-singular reduction Ep at a prime p. The classical Deuring's 
theorem says that it is ordinary or supersingular if p completely splits or remains prime 
in K, respectively. Here we note that Ep is ordinary (resp. supersingular) if and only 
if the p-divisible group Ep[p°°] is L (resp. Gi.i) (see $2 for details). Moreover if Ep is 
super-singular and if p > 5 the characteristic polynomial of p-power Frobenius on an /-adic 
Tate module (/ p) is t'^ +p and the number of Fp2-rational points attains the Hasse-Weil 
upper bound: 

\Ep{¥p2)\ = l+p^ + 2p. 

In this report we will generalize these results to a proper smooth curve over Q of higher 
genus with CM. 

We first explain notation which will be used. An algebraic closure of a field F is written 
by F. For a scheme X over F its base change to an field extension F' of F is denoted by 
X ®F F' . For simplicity we sometimes write X := X ®f F. Suppose that F is a finite field 
of g-elements and let y be a proper smooth variety. Then the characteristic polynomial of 
the g-power Frobenius on the first Z-adic etale cohomology group Hl^{V,Qi) (/ ^ char(F)) 
is described by ^v,q{t)- 

Let k he a finite field of characteristic p > 5. An abelian variety J of dimension g over 
k will be called supersingular (resp. superspecial) if J is isogeneous (resp. isomorphic) 
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to a product of supersingular elliptic curves. Moreover it is defined to be ordinary if the 
group of p-torsion points J[p] is isomorphic to (Z/pZ)^. Let W{k) be the ring of Witt 
vectors whose coefficients in k. An abelian scheme A over W{k) of relative dimension g 
will be called with CM (or sometimes with CM by Ok) if the endomorphism ring over 
W{k) contains the integer ring Ok of a CM-field K satisfying [K : Q] = 2g. Let Kq be the 
totally real subfield with [Kq : Q] = g. We assume that p is unramified in K and let 

(1) p = ^ii---^t 

be the prime factorization in Kq. 

Theorem 1.1. Suppose that every *Bj remains prime in K. Then the special fiber A is 
supersingular. Moreover if t = g (i.e. p completely splits in Kq) it is superspecial. 

This result gives us an information of the characteristic polynomial of a Frobenius. In 
fact suppose that the assumption is satisfied. Then Theorem 1.1 says that there is a 
positive integer m so that A ®k IFp™ is isogeneous to a product of elliptic curves {-Ej}i<i<g 
defined over Fpm and <l>^^pm(t) = Y\l=i^E,,p"^{t)- Since p > 5, (^E^,p"^{t) is a one of the 
following ([T2] Theorem 4.1): 

t^+p"^, t^±p'^t+p'^, t2±2pft + p™, 
where the last two occur only when m is even. 

Theorem 1.2. Suppose that p completely splits in K . Then A is ordinary. 

In Theorem 1.1 ii t = g and A; = Fp, we will obtain a stronger result. 

Theorem 1.3. Let A be an abelian scheme over Zp with CM. Suppose that p completely 
splits in Kq : 

and that every *Pj remains prime in K . Then A is a product of supersingular elliptic curve 

{Ei}l<i<g, 

A = El X ■ ■ ■ X Eg, 
over ¥p. In particular ^A,p{t) = (t^ + pY . 

A proper smooth curve C defined over a number field F of genus g is called a CM-curve 
if the endomorphism ring of the Jacobian variety Jac(C) contains Ok, where X is a CM- 
field satisfying [K : Q] = 2g. We say a finite prime f of F is good if the reduction C^, is 
nonsingular and moreover mention it ordinary (resp. supersingular, superspecial) if so is 
Jac(C„). Theorem 1.1, Theorem 1.2, Theorem 1.3 and the Hasse-Weil formula yield 
the following consequence, which generalizes the Deuring's result which has been explained 
before. 

Theorem 1.4. Let C be a proper smooth curve of genus g over Q with CM and p{> 5) a 
good prime. Then we have the followings: 

(1) If p completely splits in K , Cp is ordinary. 



ON A GENERALIZATION OF DEURING'S RESULTS 3 

(2) Let 

he the prime factorization in Kq. If every remains prime in K , Cp is supersin- 
gular. 

(3) Suppose that t = g in the above (2) (i.e. p completely splits in Kq). Then Jac(Cp) 
is a product of supersingular elliptic curves overFp and \C{¥p2)\ attains the Hasse- 
Weil upper bound: 

\C{¥p2)\ = l+p^ + 2gp. 

Let C and p be as in Theorem 1.4. 

Corollary 1.1. Suppose that K is a cyclotomic field Q{Cn) where ^tv is a primitive N-th 
root of unity that satisfies (p{N) = 2g, where (p is the Euler function. 

(1) Suppose that p = 1{N). Then Cp is ordinary. 

(2) Suppose there is a positive integer h so thatp^ = —1{N). Then Cp is supersingular. 

(3) Suppose that p = —1{N). Then Jac(Cp) is a product of supersingular elliptic curves 
over ¥p and 

\C{¥p2)\ = l+p' + 2gp. 

Corollary 1.2. Suppose that K = Q(Cm+Cm^) Cd); where M is a positive integer satisfying 
(j){M) = 2g and d = 3, or 4. 

(1) Suppose that p = 1(d) and p = ibl(M). Then Cp is ordinary. 

(2) Suppose that p = —1(d). Then Cp is supersingular. 

(3) Suppose that p = —1(d) and that p = ibl(M). Then Jac(Cp) is a product of 
supersingular elliptic curves over ¥p and 

\C(¥p2)\ = l+p^ + 2gp. 

In the final section we will show some examples of curves over Fp that attain the Hasse- 
Weil upper bound. We hope that our theorems may offer a new construction of such a curve. 

Let us briefly explain how the theorems will be proved. For simplicity we assume 
that p completely splits in Kq: p = ^i---^g. Using Dieudonne-Manin's theory and 
Grothendieck's theorem we will show that p-divisible group is a product 

(2) A[p'^] = GiX---xGg, 

whose every component has height 2. Moreover if all ^j's completely split in K we will 
prove that Gj ~ L (Vi) and A is ordinary. On the other hand if all of them remain prime in 
K it will be shown that Gi ~ Gi.i (Vi) and the a-number of A is g. Then using a theorem 
due to Oort we will conclude that yl is a product of supersingular elliptic curves over F^: 

(3) A = EiX---xEg. 

Thus wc obtain Theorem 1.2 and the last half of Theorem 1.1. In order to prove The- 
orem 1.3 we have to show that (3) is defined over the prime field. We will achieve this by 
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establishing that (2) is defined over ¥p with a help of Tate's theorem. 

Let us mention precedent results of a generalization of Deuring's results. Using the 
Kraft's diagrams instead of the Dieudonne module, Zaytsev has completely determined 
p-torsion group of an abelian variety with dimension less than 4 [13j. Our Theorem 1.1 
and Theorem 1.2 are contained in his results if dimA < 3. 

Acknowledgement. The author appreciates Professor A. Zaytsev for his interest and 
useful remarks. This research is partially supported by JSPS grants Kiban(C)22540068. 

2. A REVIEW OF p-DIVISIBLE GROUPS. 

In the present section we will summarize facts of p-divisible groups and the Dieudonne 
functor which will be used later. The references are [2], [4], [6], [7j and [8]. Throughout 
the section k will be a field of characteristic p. 

Definition 2.1. Let h be a nonnegative integer. A p-divisible group G of height h{G) = h 
over k is an inductive system of finite group schemes Gi — )• Specfc, {i > 1), satisfying 

(1) the dimension of the coordinate ring k[Gi] over k equals to p^"^, 

(2) annihilates Gi, 

(3) there are inclusions Gi ^ Gj+i such that 

Gi+i[p']=Gi. 
Here we have used the standard notation 

X[f]=KeT[X Ax], 

for an endomorphism / of a group scheme X. Note that by definition Gi^j/Gi = Gj. We 
will write G = lim^Gj. The basic examples are Qp/Zp := lim_>Z/p"Z and Gm[p°°] := 
lim_>. Gm [p""] , which have height 1. Let A be an abelian variety over k of dimension g. 
Then 74[p°°] := lim_j.j4[p"] is a p-divisible group of height 2g. The collection of Cartier 
dual {G^jj of a p-divisible group G = lim_^ Gi is also a p-divisible group. We denote it by 
and call it the Serre dual. Taking the Serre dual induces an involution of the category 
of p-divisible groups. Note that Qp/Zp and Gm[p°°] are Serre dual to each other. 

Let W{k) be the ring of Witt vectors whose coefficients are in k and consider a non- 
commutative ring 'D(k) = W{k)[F,V] generated by semi-linear operators F and V with 
relations 

FV = VF = p, FX = X^F, XV = VX"", X £ W(k). 

Here a is the lift of p-power Frobenius automorphism of k. There is a contra- variant functor 
M called the Dieudonne functor from an abelian category of finite group schemes over k of 
p-power order to one of left X'(A:)-modules of finite length. (Here the order \T\ of a finite 
group scheme T is defined to be the dimension of its coordinate ring over k). It is known 
that the length of M(r) is equal to logp |r|. Due to Dieudonne, Cartier, Barsotti and Oda, 
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it gives an anti-equivalence of these categories ([7] Theorem 4). Let G = lim_j> Gj be a 
p-divisible group. We define the Dieudonne module as M(G) := lim^M(Gi) which is a 
D(A;)-module by definition. It is a free M^(/c)-module whose rank is h{G). 

A homomorphism of p-divisible groups whose kernel is finite will be called an isogeny. 
Let X and Y are p-divisible group. If there is an isogeny between them we say X and Y 
are isogeneous and write X Y. This notion defines an equivalence relation on the set of 
p-divisible groups. 

Fact 2.1. [6j Suppose that k is algebraically closed and let G be a p- divisible group overk. 
Then there is an isogeny: 

G ^YlGd^ci- 

i 

Temporary we assume that k is an algebraic closed field. A component Gd,c is parametrized 
by two non-negative coprime integers d and c. We call d the dimension of G and c is defined 
hy c = h — d. By definition Gc,d = {Gd,cY and it is known that Gd,c is characterized by the 
height h and the slope d/h = d/{c + d). A p-divisible group over k will be mentioned simple 
if it is isomorphic to Gd,c for a certain coprime pair (c, d). A simple p-divisible group G is 
isomorphic to Gd,c if and only if there is a positive integer (m, n) so that 

n d 

(4) G[F™] = 



m + n c + d^ 
which follows from ([2] Chapter IV): 

M(Grf,e) = 'D{k)/iF'^ - y^). 

In fact for a simple p-divisible group G the above equation shows that G = Gd,c if and only 
if 

M(G)/y"M(G) = M(G)/F'"M(G), 

for a pair of positive integers {m,n) satisfying d/{c + d) = n/{m + n), which is equivalent 
to (4). The fundamental examples are Gi.o = Gm\p°°], Gci = Qp/Zp and Gi.i ~ E\p^] 
where E is an supersingular elliptic curve. Here is a classification of p-divisible groups 
whose height is less than 3 ([2], p. 93): 

(1) h{G) = iff G = 0. 

(2) If h{G) = 1, then G = Gi.o, or Go.i. 

(3) If h{G) = 2, G is the one of the followings, 

Cl.O; ^10 X Co.i, G^ i, Gi.i. 
We will write L = Gi.o x Gq.i- 

Let A be an abelian variety over k of dimension g. We define p-rank f{A) = / as an inte- 
ger such that A[p]{k) ~ (Z/pZ)-^, which equals to dimpp IIom(Gm,[p], ^b])- Let Op be a fi- 
nite group scheme defined by Op := Specfc[x]/ (x^). Then we set a{A) = dim^Hom(ap, A[p]) 
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and call it the a-numher. It is known that < f{A) < g, and < a{A) + f{A) < g. We 
say A is ordinary if f{A) = g. 

Fact 2.2. [T] Let A be an abelian variety over k of dimension g. Then the following are 
equivalent: 

(1) A is ordinary, 

(2) A[p°°] ~L9. 

This is well-known if g = 1. Let E be an elliptic curve defined over an algebraic closed 
field of characteristic p. E\p°°] has height two and is isomorphic to L or Gi.i according 
that it is ordinary or super singular, respectively. Thus E is supersingular if and only if 
= Gi.i. Since there is an exact sequence 

(5) ^ ap -> Gi.i \p\ ^ ttp ^ 0, 

this is also equivalent to a{E) = 1. These are generalized to a higher dimensional abelian 
varieties. The following fact is due to Deligne, Oort, Shioda and Tate. 

Fact 2.3. Let A an abelian variety over an algebraic closed field k with dimension g. 
Suppose that 

A[p^] ~ Gi,. 

Then A is super-singular. 

Fact 2.4. Theorem 2) Let A an abelian variety over an algebraic closed field k of 
with dimension g. Suppose that 

a{A) = g. 

Then A is superspecial. 

For an abelian variety A, following Milne and Waterhaus[7], we set Tp{A) := Wl{A\p°°]). 

Fact 2.5. [7] Theorem 6. Let A and B are abelian varieties over a finite field k. Then 

}iomk{A,B)^Zp ~ Homc(fc)(rp(S),Tp(^)). 

Fact 2.6. |4] Let A be the special fiber of an abelian scheme A over W{k). Then Tp(A) is 
isomorphic to the first de Rham cohomology group H^^{A/W{k)) as V{k) -modules. 

3. A REDUCTION OF AN ABELIAN VARIETY WITH CM 

Let A be an abelian scheme over Wi^p) with CM by Ok- Then H\)^{A/W (^p)) is 
isomorphic to Ok <8>z W{¥p). We assume that p is unramified in K and let 

p = ^i---^t, 

be a prime factorization in Kq so that remains prime (resp. completely splits) in K for 
1 < i < s (resp. s + 1 < i < t). Thus we have a prime factorization in K: 

(6) p = ^,---^s^s+M+i---'^M 

Here ""' means the complex conjugation. We set Vinert '■= {^i,-'' ;^s} and 'P(~^^ := 
G Vinert \ fiV/p) = 1}, where f{^/p) is the inertia degree. Similarly Vspiu ■= 
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• • • , Vt} and V^p^.^ := {^J € Vsput \ /(^/p) = !}• Note that Ok ®z acts on 
the p-divisible group of the special fiber A. According to (6) we have a decomposi- 

tion 

Ok^z^p ^ W{¥^^) X • • • X W{¥^J X {W{¥^^J x W{¥^,J} x • • • x {W{¥^J x W{¥^,)}, 

where F^p is the residue field. Using this we define Cj to be an clement of Ok 'S>z 
corresponding to (0, • • • , 0, 1, 0, • • • ,0) where i places in the i-th position from the left. Set 

Gi := eiA\p'^] and := G,+(2j_i) x Gs+2j {I < j < t - s). Then, 

(7) = Gi X • • • X X Ti X • • • X Tt-s- 
and we obtain, 

M{G.i) = eiTp{A) = e^H}yJi{A/W(¥p)) = c^IOk ®z W{%)), 

Here the second identity is due to Fact 2.6. For a prime factor *p of p in ivT we denote 
the corresponding factor of by G^. Let ^ be a prime of Kq dividing p. Then 

we define p-divisible subgroup G<p of as follows. If *p is contained in Vinert define 

Gtp := where *P is the unique prime of K over Since ~ Fp2/(<p/p), 

(8) h{G<^) = rank^(p^)M(G^) = 2f{^/p). 

On the other hand if it splits: *p = ^ X we define Gsp := G^^ x G^,. Since F^ ~ F^p, ~ 
Fp/cp/p), a similar observation shows 

(9) h{G^) = h{G^,) = /(q3/p), h{G^) = h{G^) + h{G^,) = 2f{^/p). 

f=i 

Lemma 3.1. For ^ G 'Pspiw isomorphic to L. 

Proof. By (9) h{G(^) = h{G^i) = 1 and the classification of p-divisible groups implies 
that G^ or G^, is one of {Gi.o, Gq.i}. Notice that Gi.o (resp. Gq.i) is characterized by the 
fact V (resp. F) is an isomorphism on M(Gi,o) (resp. M(Go.i)). Take a positive integer r 
so that vr = is contained in Ok and let 

(vr) = r (^'r'*^, (5,*) = (<5,^5') = i, 

be the factorization. Then 

(F^) = (tt') =^"'(^')"<^', 

and 

(/) = (F'-y) = {W) = 55' . 

Then (6) yields r = a + a' . Suppose that G^ = Gi.o- Since V is an isomorphism on M(G^) 
so is tt'. But by definition the action of Ok on M(G^) (resp. M(G<p,)) factors through an 
imbedding Ok *— > Ok,'^ — ^p (resp. Ok ^ Ok,^' — '^p), tt' should be a unit in Ok,<:^ 
and a' = 0. This shows that {V) = {^'Y5' and (F^) = ^''S. Thus F'' is an isomorphism 
on M(G^,), which implies that G^, ~ Gq.i and G(p ~ Gi.o x Gq.i = L. If G(p = Gq.i the 
similar argument will show the claim. 

□ 
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Lemma 3.2. For *p e Vmert, Gfp is isogeneous to \ . 

Proof. By Fact 2.1 G<p is isogeneous to H^d-c- We have to show ah simple factors 
are isomorphic to Gi.i. We will use the charcterization (4). Let us take a positive integer 
r as Lemma 3.1 and 

be the factorization. Since = *p, 
and we obtain 

(10) G^[F^-] = G^[V']. 

Let G be a simple factor of G<p. Then (10) yields 

G[F''] = GiV"], 

and G = Gi.i by (4). 

□ 

Put V = • • • ,^t} and the following proposition yields Theorem 1.1 and Theorem 
1.2. For a finite set S we denote the cardinality by \S\. 

Proposition 3.1. (1) Suppose V = Vinert- Then A is super singular. 

(2) The a-number of A is greater than or equal to \Pi~^j.^\. 

(3) Suppose that 

V = v^^^ u v^^^ 

inert split' 

Then 

In particular ifV = 'P(~^i (resp. V = Vg^^J A is superspecial (resp. ordinary). 

Proof. (1) is an immediate consequence of Lemma 3.2 and Fact 2.3. Let {^i, • • • , 
be the elements of Vfj^rt- Then A[p°°] contains G«p^ x ••• x Gtp^. By (8) we see that 
/i(GfpJ = 2 and Lemma 3.2 implies that G(p. is isomorphic to Gi.i for all i. Therefore 
A\p\ contains and by (5), 

0(^4) = dimp^ Hom(ap, A\p]) > dim^;^ Hom(ap, Gi.i[p]*) = s. 

Finally wc will prove (3). Let us set s = I'P./^^^J and g — s = \'Pg~lj^^\■ Then Lemma 3.1 
and Lemma 3.2 show that the product (7) becomes 

A\p'^] ~ X L^-^ 

and the claim follows. 

□ 



Corollary 3.1. Suppose that K is a Galois extension of Q. 
(1) If Vinert is not empty. Then A is super singular. 
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(2) Suppose that p completely splits in Kq . If it also completely splits in K A is ordi- 
nary. Otherwise A is superspecial. 

4. Rationality 

Let A be an abclian scheme over Zp of relative dimension g acted by Ok where K is a 
CM-field so that [K : Q] = 2g (Here we do not assume that the action is defined over Zp). 
Then there is an isomorphism 

(11) Hhji{A/Zp) ~ Ok ®z Zp, 

and we fix one of them. In fact here is an example of such an isomorphism. Take a 
finite field extension k of Fp so that Ok is defined over W{k) and there is an isomorphism 
H}jj^{A/W{k)) ~ Ok (S)z W{k) which can be written, 

H})ji{A/Zp) Wik) ~ {Ok ®z Zp) ^z^ W{k), 

compatible with action of cj € AutipW{k). Taking the invariant part by a and wc obtain 
the desired isomorphism. We assume that p completely splits in the totally real subfield 

p = ^i---^g, 

and that every prime remains prime in K for all i. Then Ok '8>z — VF(Fp2)^ and let 
Cj be the Zp-endomorphism of Hjjj^{A/1jp) which corresponds to the projection to the i-th 
factor via (11). Let A be the special fiber which is an abelian variety of dimension g over 
Fp. Identifying H]jj^{A/'Lp) with Tp{A) by Fact 2.6 we think to be an endomorphism 
oiTp{A). 

Lemma 4.1. For every i, Cj is contained in Endx)(Fp)(rp(^)). 

Proof. Let A; be a finite extension of Fp over which Ok is defined and consider a 
Cartesian diagram: 

Endc(F^) (Tp(A)) > Endz^(rp(A)) 

Endi,(fc)(rp(^ k)) > ^udw{k){Tp{A k)), 

where the horizontal (resp. the vertical) arrows are the natural inclusions (resp. extensions 
over W{k)). Regarding as an element of EndiY(^i^^{Tp{A (8)^^ k)) it is sufficient to show 
that it is contained in End-p(jfc) (Tp(^ k)). But this is clear since it is the image of 
(0, • • • , 0, 1, 0, • • • ,0) G W{¥p2y (where 1 places in the i-th position from the left) by the 
composition of 

W{¥p2y ~ Ok ®z C Endfc(yl ®Fp k) ®z ^ EndTy^k){Tp{A ®Fj, k)), 
where r is the isomorphism of Fact 2.5. 

□ 
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Via the isomorphism of Fact 2.5, 

EndF,(^) 0z ~ Endv(w,){Tp{A)), 

let ej G EndFp(^) (8>z correspond to € Endx)(Fp)(rp(A)). Since EndFp(A) (g)^ acts 
on we set 

which is a p-divisible group over Fp. Thus we have a decomposition over Fp: 

AIp"^] = Gi X ■ ■ ■ X Gg. 

Lemma 4.2. The base change of Gi overFp is isomorphic to Gi^i for all i. 

Proof. The construction shows 

M{Gi) = eiH},ji{A/Zp) = W{¥p2). 

Therefore the height of Gi is 2 and Proposition 3.1 (in particular its proof) implies the 
claim. 

□ 

Proposition 4.1. Suppose thatp is greater than 3. Let J be an abelian variety of dimension 
g over Fp whose p-divisible group J\p°°] is a product 

J[p~] = Gix...xGg, 

overFp so that every base change of Gi overWp is isomorphic to Gi,i. Then it is a product 
of supersingular elliptic curve {Ei}i<i<g 



E. 
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J = EiX--- 

defined over Fp. In particular ^j^p{t) = {t^ + p)^ . 

Proof. The assumption and (5) imply that the a-number of J is g. By Fact 2.4 we 
see that J (giFp Fp is isomorphic to a product of supersingular elliptic curves, Ei x ■ ■ ■ x Eg. 
A simple consideration shows that, if necessary changing indices, we may assume that 
Gi = Ei\p°°]. Let <p be the ^?-power Probenius. Since J is defined over Fp we have a 
diagram: 

Ei Ef 



J 

where Ui is the inclusion and it induces 



J, 



Eilp'' 



Ef\p° 
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By the assumption all {Ei\p°°]{= Gi)}i and are defined over ¥p and we find that 

E,[p°°] = Ef[p^] and that = z/f (Vi). Therefore E, = Ef and Ui = vf, which 

imply that {Ei\i are defined over Fp and so is the product. The last claim follows from the 
well-known fact that the characteristic polynomial of p-power Frobenius of a supersingular 
elliptic curve over Fp is + p if p > 5. 

□ 

Now Theorem 1.3 follows from Lemma 4.2 and Proposition 4.1. 

Proof of Corollaries. We will first show Corollary 1.1. Notice that Kq is Q(CAf + Cat^) 
and consider a sequence 

1 ^ Gs1{K/Kq) ~ {±1} ^ Gal(K/Q) ~ (Z/(7V))^ ^ Gal(Ko/Q) ^ 1- 

Then we see that p = —1(N) is equivalent to the fact that p completely splits in Kq 
and each prime factor of p in Kq remains prime in K. On the other hand p = 1{N) if 
and only if p completely splits in K. More generally an existence of a positive integer h 
so that p'^ = —1{N) implies that an every prime factor of p in Kq remains prime in K. 
Now the desired claims follow from Theorem 1.4. In the case of Corollary 1.2 observe 
Kq = Q(Cm + Cm) and we find 

Gal(i^/Q) ~ Gal(Q(CM + Cm )/Q) x Gal(Q(C<i)/Q), 
which is isomorphic to ((Z/(M))^/±1) x {±1}. Now the assertion is clear. 

□ 

5. Examples 

Example 4.1. Let I be an odd prime and we define a curve C{1) to be the smooth 
projective model of 

= x{l - x), 

over Q, which has a genus {I — l)/2. An l-th primitive root of unity Q acts by 

Ci{x)=x, (i{y)=Ciy, 

and T^lCi] is the endomorphism ring of Jac((7(/)). Thus C{1) is a CM-curve. Let p be a 
good prime which / divides p'' + 1 for a certain positive integer h. Set q = p^ and let -Fq+i 
be a smooth projective model of a Fermat curve 

over Q. Then by 

we have a Q-rational proper surjective morphism, 

TT : Fg+i C{1), 
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and Hl^{C{l)p IFp,Q;) is a Galois submodule of Hl^{{Fg^i)p (Sjf^, Fp,Q/). It is known 
that |Fg+i(Fp2)| attains the Hasse-Weil upper bound 1 + 2gp and 

where g = q{q — l)/2 is the genus of Fg+i ([lOj Example 6.3.6). Thus we see that 
^C{i),pit) = (t^ and that 

|C(/)p(Fp2)| = l+p2 + (/_i)p, 

if there is a positive integer h such that = —1(0- Iii f^-ct Corollary 1.1 is weaker than 
this. Namely if /i = 1 it recovers these results but if otherwise it only says that C{1) has 
supersingular reduction. Therefore we find that Corollary 1.1(3) is merely a sufficient 
condition for a prime p at which the reduction of a CM-curve to be Fp2-maximal, i.e. the 
number of Fp2-rational points attains the Hasse-Weil upper bound. 

Example 4. 2. ([3j Example 2.3) Let us consider a curve, 

Y -.y^ = x{x^ - Ux^ - 49x - 49), 

which is a smooth model of a Picard curve of CM-type. Its genus is 3 and the endomorphism 
ring of its Jacobian is I^Kj + Cj^iCs]- Thus by Corollary 1.2 we see that a good prime 
p is supersingular if p = —1(3). Moreover it is superspecial if p = ±1(7) and p = —1(3). 
Using the computation of [3J one can determine <I>y^p(t). In fact let C be a curve over Q 
defined by 

C:/ = x(x^ + l). 

Then Geemen, Koike and Weng have shown that Jac(C) is isogeneous to the product 
Jac(y)^ X E with a CM-elliptic curve E. Moreover 

Fact 5.1. (IBJCorollary 3.1 and Corollary 3.2^ 

(1) Forp = 2,5,11,17(21), 

(2) For p = 8,20(21), 

Since Y has genus 3 the degree of $y^p(t) should be six and we find 

• For p = 2,5,11,17(21), 

'^YAt) = it^-pt^ + p^){t^ + p), 

• For p = 8,20(21), 

<^YAt) = ii^+pf- 

These coincide with the results of Corollary 1.2 (see also comments after Theorem 1.1). 
Moreover in the second case we know that Jac(l^) is a product of supersingular elliptic 
curves over Fp and that |l^(Fp2)| = 1 + + 6p. 
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Example 4.3.([3]Example 2.1) Remember that the n-th Chebyshev polynomial Un is 
defined by a recursive relation: 

Un+l{x) = xUn{x) - Un-l{x), Uo{x) = 2, Ui{x) = X. 

Using this for a prime / > 5 we define a curve Xi defined over Q by 

X{1) : y2 = Ui{x), 
which is a quotient of a hyperelliptic curve 

by an involution 

, , ,1 y , 
r : (x,y ^ • 

It has a genus (Z — l)/2 and the endomorphism ring of Jac(X(/)) is 7j[(i + (f^X^l- Thus 
X{1) is a CM-curve. Corollary 1.2 shows that a good prime p satisfying p = —1(4) is su- 
persingular. Moreover ifp = —1(4) andp = ±l(Oi Jac(X(/)p) is a product of supersingular 
elliptic curves over ¥p and |X(/)p(Fp2)| attains the Hasse-Weil upper bound l+p'^ + {l — l)p. 
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